A Study of the Survival Rate of the Hepatitis B Virus by Houck, James Abraham, III
UNF Digital Commons
UNF Graduate Theses and Dissertations Student Scholarship
1991
A Study of the Survival Rate of the Hepatitis B
Virus
James Abraham Houck III
University of North Florida
This Master's Thesis is brought to you for free and open access by the
Student Scholarship at UNF Digital Commons. It has been accepted for
inclusion in UNF Graduate Theses and Dissertations by an authorized
administrator of UNF Digital Commons. For more information, please
contact Digital Projects.
© 1991 All Rights Reserved
Suggested Citation
Houck, James Abraham III, "A Study of the Survival Rate of the Hepatitis B Virus" (1991). UNF Graduate Theses and Dissertations. 106.
https://digitalcommons.unf.edu/etd/106
A STUDY OF THE SURVIVAL RATE OF THE 
HEPATITIS B VIRUS 
by 
James Abraham Houck III 
A thesis submitted to the Department of Mathematics and 
statistics in partial fulfillment of the requirements for the 
degree of 
Master of Arts in Mathematical Sciences 
University of North Florida 
College of Arts and Sciences 
May, 1991 
The thesis of James Abraham Houck III is approved: 
Committee Chairperson 
A~cePted for ~ Department: 
Chairperson 
Accepted for the University: 
Vice-President for Academic Affairs 
(Date) 
Signature Deleted
Signature Deleted
Signature Deleted
Signature Deleted
Signature Deleted
Signature Deleted
Acknowledgements 
I wish to offer extreme graditude to Dr. Pali Sen, the 
advisor of this paper, for her seemingly endless motivation 
and invaluable guidance. I am also grateful to the faculty 
and students of this University for their input and support. 
I also wish to thank my wife and parents for their 
support and encouragement, without which this would not have 
been possible. 
iii 
TABLE OF CONTENTS 
Page 
Acknowledgements .......•............................. (111) 
Abstract ..........................................•... (vi) 
Chapter 1 - Introduction ................................ 1 
Chapter 2 - Methods ..................................... 3 
section 1 - Non-parametric Model .....•............• 3 
section 2 - Parametric Model ..........•............ 5 
Section 3 - Stochastic Model .•••..••.••.••.•.••.•.. 7 
Chapter 3 - Results ....................•............... 12 
Chapter 4 - Discussion •................................ 17 
Appendix 1 ••••••••••••••••••••••••••.•••.••.••.••.••••• 28 
Bibliography ...........•............................... 30 
Vita .....•............................................. 32 
iv 
List of Tables and Figures 
Page 
Table 1 Censored Data for Hepatitis B study ............ 11 
Table 2 Distribution of the Survivors .................. 12 
~-
Table 3 P-values for General Linear Models .........••.. 12 
Table 4 Censored Probabilities from Lifetest ........... 13 
Table 5 Lifetest Results ............................... 13 
Table 6 Parameter Estimates ..........••..•............. 15 
Figure 1 Censored Probability of Survival Versus 
waiting Time ................................... 20 
Figure 2 Censored Probability of Survival Versus 
waiting Time (Stratified by Sex) ••••••••••••••• 2 1 
Figure 3 Censored Probability of Survival Versus 
waiting Time (stratified by Race) •••••••••••••• 22 
"'-Figure 4 -In(F(t)) Versus Waiting Time .................. 23 
Figure 5 In(-Ln(F(t))) Versus In(WT) .................... 24 
Figure 6 Exponential Distribution with Sex as 
a Covariate ..••••................•............. 25 
Figure 7 Weibull Distribution with Age as 
a Covariate ...•.....•.......................... 26 
Figure 8 Expected Time Between Deaths ................... 27 
v 
Abstract 
Hepatitis B virus (HBV) is one of many viruses 
transmitted through the blood or body fluids. This paper 
concentrates on a mathematical study of the survival rate of 
HBV. Using data which includes the survival time for 
individuals who were diagnosed as being affected by HBV and 
those who died from HBV, we fit non-linear models to study 
the survival time for people affected by the virus. 
Survival probabilities suggest an exponential curve for the 
survival time. We also consider a pure death process which 
is a stochastic model for the survival time of the 
individuals affected. Our results show that individuals who 
have been diagnosed as having HBV have an estimated life 
expectancy of approximately 625 days. 
vi 
Chapter 1 - Introduction 
In this paper, we study the survival time for the 
Hepatitis B virus (HBV) in the population of Duval county. 
Recorded for each of the Duval county cases are the time of 
diagnosis, the time of death, and other demographic 
variables such as sex, age, and race. The population under 
study is the total population of the recorded cases in Duval 
county. Our goal is to estimate the time that a person will 
live given that the person has been diagnosed as being 
infected with the virus. 
Hepatatis B virus is a viral infection of the liver. 
There are five types of Hepatitis; A, B, C, non A non B, and 
Delta; but the B virus has been chosen due to the fact that 
it is the most severe, and it is one of the most common of 
the five types. It is transmitted through body fluids, but 
usually transmission is through inoculation of infected 
blood or blood products (Crupp and Tiern~t, 1989). HBV is 
easily transmitted since a very small amount of infected 
blood or body fluid carries a large amount of the virus. 
HBV is not always fatal and the survival period can be 
prolonged by the administration of hyperimmune globulin 
(Crupp and Tierney, 1989). There also exist vaccines for the 
prevention of HBV which reduce the incidence of HBV by 
approximately 92% when administered to persons 
considered to be at high risk. 
who are 
A computer based literature search shows very little 
published on the mathematical study of the survival times of 
HBV. For further information on the mathematical models, we 
researched related areas of infectious diseases. Addy et 
al. (1991) used a generalized stochastic model for the 
analysis of infectious diseases. Their study concentrated 
on an influenza epidemic and a clustering pattern by age was 
identified. Bernan (1991) developed a stochastic model for 
the distribution of HIV latency time based on the level of 
infectious cell counts in the blood at the time of 
detection. Mode et al. (1988) considered the Weibull and 
gamma models to describe variability among individuals for 
the inCUbation period of HIV. 
After considering the above research we will use a best 
stochastic model to fit the data and also look for any 
possible clustering effect due to any demographic variable. 
In this paper, we study the survival rate of HBV for the 
popUlation infected in a region. We also study several 
standard parametric models which are related to the 
measurements obtained on the sUbjects. 
In Chapter 2 we discuss the methods and the models we 
consider. Chapter 3 deals with the results we obtain and a 
discussion is included in Chapter 4. 
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Chapter 2 - Methods 
We define the variable waiting time (WT) as the number 
of days from when a person is diagnosed with HBV until their 
death. This variable has the same meaning as survival time. 
A person is at risk of dying for a random length of time (T) 
having a distribution F(t) of survival. The person may die 
at any time after the starting time. We consider a censoring 
time beyond which the person will be considered as a 
survivor of the virus. The WT's for the individuals are 
also assumed to be independent. A simple regression model on 
WT by the independent demographic variables age, sex, or 
race shows no siginificant difference due to these 
variables. The results of this are shown in Table 3. 
Residual analyses do not identify any significant departure 
from the model assumptions. 
section 1 Non-parametric Model 
The Life Table is a non-parametric estimate of a 
survivor function. An advantage is that no assumptions of 
normality for the data are needed. We consider tl < t2 < 
••••• < tk be observed failure times. Also let: 
d i Number of deaths at time ti 
mi Number of losses due to remission in the interval 
(ti' ti+l) 
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ni Number alive just prior to time ti' which is also 
the number of people at risk at time ti 
F (t) = (Number of observations ~ t) / total number of 
observations 
Pi Prob (survival past time til alive at time ti-1) 
P( T ~ tiT> ti-l) 
A A A A 
At time t = 0, F(O) = 1 and P1 = F(t1)/F(to) 
A A A • • A A A P2 = F(t2 )/F(t1 ) lmplles P1P2 = F(t2 ). 
number surviving at t1 / total observed at t1 
We can now write the estimate of the survivor function as: 
F(t) = IT ( nj - dj) / nj' 
jl tj < t 
Which can also be obtained from the definition. 
(1) 
A F(t) is called the KAPLAN-MEIER (KM) estimator of the 
survivor function. The KM estimator of the data using the 
Lifetest procedure in SAS computes the probabilities for a 
person surviving at certain waiting times. The log rank test 
and the wilcoxon test are used for significant differences 
in the survival distribution due to demographic variables 
such as sex or race. 
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section 2 Parametric Model 
We shall now determine the distribution of WT, Ti' i 
1, 2, ... , k. We consider a failure time model which is a 
function of the length of time from a defined origin until a 
failure occurs. For this data, the origin will be the date 
at which the person is diagnosed with HBV. The failure will 
be the date at which the person dies due to the HBV virus. 
The probability distribution of T can be specified in three 
ways. 
1) Survivor function Fi(t) = P(Ti ~ t), 0 < t < 00. 
2) Probability density function fi(t). 
3) Hazard function Ai(t). 
The hazard function gives the rate of failure at some 
time conditional upon survival to that time. This function 
is given by: 
Ai(t) = probability of survival in an interval t + ~t 
= 
= 
survived to time t. 
lim P (t ::i T i ::i t + ~t I T i ~ t) 
~t-+o 
fi(t) 
Fi(t) 
probability density funtion 
survivor function 
(2) 
Using the estimated probabilities of survival obtained 
from the Lifetest Procedure, we plot the probabilities 
5 
against the WT in Figure 1. As we see from this figure, 
these probabilities resemble an exponential curve. We will 
consider the exponential distribution and the Weibull 
distribution exclusively because both are exponential in 
nature. The Weibull distribution is a generalized 
exponential distribution which allows for a power dependence 
of the hazard function on time. First we consider the 
exponential distribution, and obtain the hazard rate from 
the probability distribution function and the survival 
function. 
For the exponential distribution: 
feet) = ~e-~t and (3) 
~e-f3t 
1\e(t) f3 (4) 
Where f3 is an adjustable parameter with the dimension 
of the reciprocal of time. A • A graph of -In F(t) agalnst WT 
resulting in a straight line should indicate that failure 
time is exponential. 
We know that: 
t 
I 1\(u)du 
o 
1\t A A - In F(t) is a straight line with 1\ as 
slope. 
Using the Weibull distribution, we obtain the hazard 
rate 1\w(t) as given below. 
and (5) 
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p~(~t)p-1 exp[-(~t)p] 
exp[-(~t)p] 
= p~(~t)p-1 (6) 
Where ~ and the p are both estimable parameters. The 
parameter ~ in the Weibull Distribution is similar to ~ in 
the exponential distribution but p is an index which changes 
the shape of the hazard function. For p = 1, the Weibull 
distribution is essentially the same as the exponential 
distribution. A test for the Weibull distribution will be 
A • done graphically by plotting In[-ln(F(t))] agalnst In(WT). 
If Ti has the Weibull distribution, the graph should be a 
straight line. The estimate of the parameter p is the slope 
of the line and the estimate of -In(A) is the intercept of 
the line. 
As we consider these two hazard rates, we find that the 
exponential distribution has a constant hazard rate as 
opposed to the Weibull distribution which has a variable 
hazard rate. For a normal population, the failure rate is 
more likely to be variable, but that may not be the case for 
a particular situation. 
section 3 stochastic Model 
The third model which is relevant to this study is a 
pure death process which is derived in a similar method as a 
pure birth process, known as the Yule process (Ross, 1989). 
A generalization of the exponential distribution, the pure 
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death process, has an increasing failure rate. The 
exponential distribution, which posesses the lack of memory 
property, is based on the state which a person is in between 
deaths. The pure death process differs from this since it 
takes into account the aging of the individuals. This 
process is based on the condition of a person when they are 
diagnosed as having RBV. 
We consider the population consisting of N identical 
people who are all subject to death. Let Ti be the lifetime 
of the i th person. We assume that TI , T2 ..... , TN are 
independent random variables each exponentially distributed 
with parameter I) (mean lifetime 1/ I). The state of the 
system at time t is Xt = number alive at time t. Thus Xo = N 
and Xt can only decrease with time. We define: 
Pi = P (next state is i-I I last state was i) 
We assume that: 
a) when a change occurs in the state of the system, it 
can change only to i-I (death state). 
b) Pi can depend only on the state i and not on 
any other previous state (lack of memory property) . 
We know two facts about the exponential distribution. 
Let T1 , T2 , .... , TN be independent random variables each 
distributed exponentially with parameters ai' i = 1,2 ... ,N. 
Then: 
Fact 1. M = Min { T1 , T2 , ... , TN} is exponentially 
distributed with parameter a 1 + a 2+ ~ ..• + aN and mean 
8 
1/( 01 1 + 01 2 + ••.. + OI N)· 
Proof: P ( M > t) = P Min 
= P (T1 > t and T2 > t and ... and TN > t) 
= P ( T1 > t) P (T2 > t) .... P (TN > t) 
= exp(- 0I 1t ) exp(-0I 2t) exp(- OI Nt ) 
= exp ( - (011 + 01 2 + •••• + OIN)t) 
01' J 
(7) 
011 + 01 2 + .... + aN 
Proof: We will prove the result for N 2 first and then 
use induction for the general case. 
since Tl , T2 are independent exponentially distributed, 
the joint density is the product of their individual 
densities. 
h(s,t) = 011 exp (-011 s) 012 exp(-0I2 t) for s, t > o. 
P (Tl = Min { Tl ' T2 } = P (T1 ~ T2 ) 
00 t -OIlS _ 01 2 t = I I 011 e 01 2 e ds dt 
0 0 
00 
I(l - -01 t) e 1 
0 
-01 e 2 t dt 
1 -
01 2 
011 + °2 
°1 
(8) 
011 + 01 2 
This proves Fact 2 for N = 2 random variables. For N 
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independent random variables T 1 , ••• , TN' M = Min {T2 , ••• , TN} 
is also exponentially distributed with parameter a 2+ ... +aN' 
by Fact 1. M is also independent of Tl . 
Therefore: 
P(T I = Min {Tl, ... ,TN}) = P(T I = Min{Tl , M}) 
a l 
Now if we consider an arbitrary j rather than j 
have proven Fact 2 in the general case. 
1, we 
Thus for the system, a transition to state i-I occurs 
at the time of the first death, which occurs at time Min 
{Tl , T2 , .... TN}, where Tj is the lifetime of a remaining 
person which is exponentially distributed with parameter 
equal to the sum 0 + 0 + .... + 0 = io. 
Let Ui denote the time spent in state i for i = N, N-l, 
.. 1. Then Ui is exponentially distributed with parameter iD. 
It is also true that UN' U 
N -1 ' U1 are independent 
(because the lack of memory property in the exponential 
distribution also implies the lack of aging property in the 
population) . 
Let SN = Max {Tl , T2 , ..... TN}. SN is the time for all 
individuals to be out of the system, so that: 
SN = U1 + Uz + ...... + UN 
Since SN is the total time for N deaths and Ui is the time 
between deaths. Each Ui is exponentially distributed with 
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mean 1/i6 and variance 1/i2 62 • since they are also 
independent and SN is their sum, the mean and variance of 
the system of N individuals are: 
E(SN) = 1/5 ( 1 + 1/2 + •••• + l/N) 
Var (SN) 1/52 ( 1 + 1/22 + ••••• + 1/N2 ). 
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Chapter 3 - Results 
The data used for this study were obtained from the 
Duval County Health Department. The Health Department fills 
out a questionnaire for the Centers for Disease Control 
(CDC) with demographic and personal information whenever a 
person is reported to them having HBV. There were 110 cases 
of HBV reported between 1986 and 1989, and there were 11 
deaths due to the virus within the period. The data was 
collected by hand and only the individuals who died as a 
direct result of HBV appear in Table 1. A breakdown of the 
distribution of the survivors by sex and race appears in 
Table 2. For these tables, male and female are denoted by m 
and f respectively. Also, the races white, black, and other 
are denoted by w, b, and 0 respectively. 
Table 1 
Censored Data for Hepatitis B study 
age sex race WT(days) 
27 m b 73 
22 m w 43 
56 f b 13 
31 f w 27 
40 m b 23 
62 f w 28 
67 m w 76 
38 m w 32 
39 m w 21 
71 m w 1 
48 f w 20 
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Table 2 
Distribution of the Survivors 
sex race number 
f b 21 
f 0 5 
f w 22 
m b 18 
m 0 5 
m w 28 
The general linear models considered for the data 
include simple regression for the variables age group (ten 
year intervals), sex, and race and a multiple regression 
model including these three variables. The results are shown 
in Table 3 with p-values for the significance of the model 
parameters. It is concluded that none of the models are 
significant. waiting time can not be differentiated by age 
group, sex, or race. 
Table 3 
P-values for General Linear Models 
model 
age group 
sex 
race 
age group, sex, race 
p-value 
.6150 
.2837 
.7547 
.8330 
The Lifetest procedure in SAS is done for the censored 
probabilities of a person surviving at certain waiting 
times. These probabilities are given in Table 4. A graph 
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of these probabilities with waiting times is given in Figure 
1. The Lifetest procedure is also performed stratifying by 
sex and then stratifying by race. The graph of the 
censored probabilities of survival with waiting times for 
the strata of sex is given in Figure 2, and for the strata 
of race is given in Figure 3. The test results for these 
stratified Lifetests are combined in Table 5. As can be 
seen, the men and women have similar graphs, as do the 
blacks and whites. 
Table 4 
Censored Probabilities from Lifetest 
strata 
sex 
sex 
race 
race 
WT(days) 
1 
13 
20 
21 
23 
27 
28 
32 
43 
73 
76 
prob(survival) 
Table 5 
0.9909 
0.9818 
0.9727 
0.9636 
0.9545 
0.9455 
0.9364 
0.9273 
0.9182 
0.9091 
0.9000 
Lifetest Results 
test Chi-Square df 
Logrank 0.5254 1 
wilcoxon 0.4758 1 
Logrank 2.3418 2 
Wilcoxon 2.3234 2 
14 
p-value 
0.4685 
0.4903 
0.3101 
0.3129 
A 
In order to see the distribution of WT, we plot -lnF(t) 
A 
versus WT for the exponential distribution and In[-ln(F(t)] 
versus In (WT) for the Weibull distribution. These graphs 
are shown in Figure 4 and Figure 5. Neither of these curves 
show a strong linearity which indicates that we may not have 
a good fit of the data by either the exponential or by the 
Weibull distribution. 
A parametric approach for regression of the censored 
data by the covariates sex, race, and age is considered for 
two models, exponential and Weibull. The people who lived 
for more than 76 days are censored. These people are 
considered to be survivors of the virus. The Lifereg 
procedure in SAS is used for In(WT). A graph of the 
exponential distribution with sex as a covariate is shown in 
Figure 6. A graph of the Weibull distribution with age as a 
covariate is shown in Figure 7. As shown by these two 
graphs, the exponential model appears to fit somewhat better 
than the Weibull model. 
Now we estimate the rate of failure for exponential 
model using the NLIN procedure in SAS. In order to use 
this procedure we need to specify the model, the derivatives 
of the model with respect to all parameters which are to be 
estimated, and the range for each parameter to be estimated. 
These are given in Appendix 1. The NLIN procedure, used for 
non-linear regression, estimates the model parameters using 
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the Marquardt method, which is an efficient method of 
estimation of non linear equations. The estimate with the 
standard error of estimation is given in Table 6. An 
estimate for the scale parameter for the Weibull 
distribution could not be obtained because NLIN failed to 
converge to valid estimates for this model. 
Finally, E[Ui]' the expected time in state i where Ui 
is the time between deaths are shown in Figure 8. using the 
NLIN procedure to analyze the whole data set, we obtain the 
estimate of 6 from the data. The model information for NLIN 
is shown in Appendix 1, while the estimate and standard 
error are given in Table 6. 
model fit 
Exponential 
Weibull 
stochastic 
Table 6 
Parameter Estimates 
parameter estimate 
A f3 = 0.0016 
Failed to converge. 
A 
6 = .0014 
16 
standard error 
.00012 
.000524 
Chapter 4 - Discussion 
The NLIN procedure was used to obtain parameter 
estimates since the LIFEREG procedure failed to converge for 
the exponential and Weibull models. Using the NLIN 
procedure, we get an estimate of the hazard parameter for 
the exponential distribution, but we still do not get an 
estimate of the scale parameter for the Weibull 
distribution. 
By the definitions of the exponential model and the 
stochastic model, the parameters [3 and 0 have the same 
meaning, the inverse of the mean survival time. The 
expected survival time from the exponential model would be 
approximately 625 days, while from the stochastic model it 
would be approximately 714 days. These seem to be 
reasonably close considering the fact that the estimation of 
[3 was done using probabilities obtained by censoring the 
data, while there was no censoring of the data for the 
estimation of o. 
The questionnaire from which the data was obtained did 
not include any severity measurements or questions about the 
patients condition at the time of diagnosis. The survival 
time for a person would be likely to depend on the severity 
of the disease for this person. Also, periodical 
17 
measurements to follow the effect of the virus on the 
patients while they are 
problem is the inability 
alive are not included. Another 
to obtain accurate information 
about the onset of the disease. Since the observations are 
only on the times of death, essentially we have only one 
variable to deal with. These severe limitations to the data 
restrict the types of models which could be used. 
Our study focuses on the survival curve of the 
individual after having contracted the virus. Given the 
estimates of the hazard coefficient for this population 
using the exponential model, we can estimate the probability 
of survival for any individual after being diagnosed 
positive with HBV, assuming that the individual follows the 
same distribution. For example, if a person has survived 60 
days after being diagnosed positive with HBV, that person 
has approximately a 90% chance of surviving. 
We have used parametric and nonparametric methods on 
the data to analyze any significant differences with the 
survival probabilities due to demographic variables. The 
resul ts did not show any. This means that for the Duval 
County population, death due to HBV did not discriminate 
between different races, sexes, or ages. We believe that no 
difference in the survival rate due to age group could be a 
problem of not enough information. 
18 
The estimation of the hazard rate using the exponential 
distribution also shows a small failure rate. The reason 
for this could be two-fold: one is that HBV is not as fatal 
to the individual as we previously thought, and the other is 
that we need to study the population for a longer period of 
time. There is also no way of knowing if some of the 
individuals dropped out of the study, and moved away. One 
may consider doing the same study for a longer period and 
tracking the infected population for a follow-up, in order 
to obtain a better result. 
19 
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Appendix 1 
Model Information for NLIN Estimation 
For the exponential model, the function being used is: 
The derivative is: 
of(t) 
o~ 
The range for ~ is from .001 to .09. 
For the Weibull model, the function being used is: 
In(F(t)) = -(~t)p 
The derivatives are: 
and 
olnF(t) 
o~ 
olnF(t) 
op 
-pt(_~t)p-1 
-(~t)p In(~t) 
The range for ~ is from .001 to .09, and the range for 
p is from .1 to 10. 
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For the stochastic model, the function being used is: 
Time between deaths (TBD) = 1/(i6) 
The derivative is: 
8TBD 
86 
The range for 6 is from .001 to .09. 
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